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HORIZONTAL AND AXISYMMETRIC TRANSITIONAL G A S  DYNAMICS 
AT THE ANTERIOR BORDER OF A STREAMLINED BODY 

- USSR - 

[Fo l lowing  is a t r a n s l a t i o n  of a n  a r t i c l e  by 
K. A .  B e z h a m v  in t h e  Russ ian- language  p e r i -  
odical r z v e s t i a  AN SSSR, Mekhanika ( N e w s  of 
the Academy of Sciences U r n  , M e c s a n i c s ) ,  No 
2,  March-April  1962, pages  168-170.1 f r  \ 

S o l u t i o n s  a r e  o b t a i n e d  for t r a n s i t i o n a l  e q u a t i o n s  of i gas dynamics i n  h o r i z o n t a l  and  ax i symmet r i c  cases by expand- I 

i n g  t h e  des i red  f u n c t i o n s  i n t o  e x p o n e n t i a l  se r ies  by t h e  
r a d i u s  v e c t o r .  For a n  a r b i t r a r y  c o e f f i c i e n t  of t h e  se r ies  
w e  get  a s y s t e m  of d i f f e r e n t i a l  e q u a t i o n s  w i t h  v a r i a b l e  co- 
e f f i c i e n t s ,  i n  which t i m e  acts as a p a r a m e t e r .  The s o l u t i o n  
of t h i s  s y s t e m  is o b t a i n e d  i n  a closed form,  c o n t a i n i n g  ar- 
b i t r a r y  t i m e  f u n c t i o n s  which a r e  d e t e r m i n e d  by limit condi-  I 

t i o n s  on t h e  shock  wave and on t h e  s u r f a c e  of t h e  s t reaml ined  
body. The o b t a i n e d  r e s u l t s  a l low c a l c u l a t i o n  of gas f l o w  i n \  

view of t h e  g e n e r a t r i x  of t h e  s t r e a m l i n e d  body i n  t he  case 
of p a r a m e t e r s  t h a t  do  n o t  change r a p i d l y  i n  t i m e .  In works 
[ l  - 31 v a r i o u s  s p e c i f i c  cases of t h i s  r e p o r t  had been s t u d -  

f ree  ax i symmet r i c  f lows.  

I 

t h e  r e g i o n  of t h e  a n t e r i o r  b o r d e r ,  o r  t h e  c r o s s - s e c t i o n a l  \ 

i e d .  I n  work [ 4 ]  ana logous  s e r i e s  were used fo r  s t u d y i n g  i 

1. S t a t e m e n t  of Problem 

We w i l l  examine h o r i z o n t a l  and ax i symmet r i c  gas f low 
i n  a moving sys t em of  c o o r d i n a t e s ,  movQig fo rward  w i t h  speed 
V ( t ) .  In t h e  h o r i z o n t a l  c a s e ,  w e  place '  t h e  o r i g i n  of coord-  
i n a t e s  a t  t h e  an te r io r  border of t h e  body, and i n  t h e  axisym- 
me t r i c  case -- a t  a c e r t a i n  d i s t a n c e  R f rom t h e  a x i s  of sym- 
m e t r y ,  f o r  example on t h e  a n t e r i o r  border of a body w i t h  a 
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c h a n n e l  or a t  t h e  p o i n t  of c o n t o u r  c r o s s - s e c t i o n .  We examine 
t h e  f l o w  i n  a c o o r d i n a t e  system i n  which t h e  p o s i t i o n  of a 
p o i n t  is d e t e r m i n e d  by r a d i u s  v e c t o r  r and  a n g l e  0 ,  read 
from a n g l e  O s ,  where 8 is t h e  a n g l e  between t h e  t a n g e n t  t o  
t h e  an te r io r  border an8  t h e  a x i s  of body symmet ry .  

The e q u a t i o n  s y s t e m  of gas dynamics  i n  t h e  g i v e n  se t  
of c o o r d i n a t e s  h a s  t h e  form 

r ~ ~ r u ~ ~ v - ~ ~ + - - = - r - c o s ~ ,  a U  l a u .  au 7 a P  - d v  

r B ' P . + r u x ; ; f . + v - - = ~  a P  a P  

a1 P ar dt 
dv 

' av d- ' U T +  au V Z +  rav u u + - -  i rap - - r dt sin 8, 

i- 7 + =+ (v - 1 ) ~  

'.at P a  

= 0 (1.1) a p  arpu a p V  u sin (e -p e,) + v cos (9 + 0,) * 

\at p' P' 

R + rs in  (e + e j  
\ 

H e r e  p -- p r e s s u r e ;  p - -  d e n s i t y ;  u and v -- p r o  jec- 
t i o n s  of s p e e d  i n  the  d i r e c t i o n o f  t h e  r a d i u s  v e c t o r  and  p e r -  
p e n d i c u l a r  to i t ;  $ -- adiabat  i n d i c a t o r ;  3 = 1, 2 corres- 
p o n d i n g l y  for h o r i z o n t a l  and  ax i symmet r i c  flows. 

I n  s o l v i n g  s y s t e m  (1.1) t h e  l i m i t i n g  c o n d i t i o n s  w i l l  
be f o u r  c o n d i t i o n s  on t h e  shock wave 

VIS = Vis, pI (V, - D) n = p, (V, - D) n 

and  one  c o n d i t i o n  on t h e  body s u r f a c e  

I n d i c e s  1 and 2 c o r r e s p o n d i n g l y  i n d i c a t e  magn i tudes  
re la ted  t o  t h e  areas o f  f l o w  before the  shock wave and  be- 
h i n d  i t ;  n ,  s ,  and no are  u n i t  v e c t o r s  of t h e  normal  and 
t a n g e n t  t o  t h e  shock  wave a n d  t h e  normal  t o  t h e  body s u r f a c e ;  
D is t h e  r e l a t i v e  s p e e d  of shock wave movement. 

We seek t h e  s o l u t i o n  of s y s t e m  (1.1) i n  t h e  form o f  
t h e  f o l l o w i n g  e x p o n e n t i a l  series: 
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2.  Format ion  of S o l u t i o n  

We i n s e r t  (1.4) i n t o  e q u a t i o n s  (1.1) and equate  co- 
e f f i c i e n t s  w i t h  t h e  same powers r .  

The e q u a t i o n  for a zero a p p r o x i m a t i o n  

c o r r e s p o n d s  to q u a s i s t a t i o n a r y  S t r e a m l i n i n g  of a wedge w i t h  
a p e r t u r e  semiangle equal t o  e,, and has t h e  s o l u t i o n  

where U ( t )  is d e t e r m i n e d  from t h e  l i m i t  c o n d i t i o n s .  I n t r o -  
d u c i n g  d i m e n s i o n l e s s  v a r i a b l e s  

- Unkro, W e ,  pnlae'pe P,JP., o, = Vrp,,/p,, M = ul., i 
we get  t h e  f o l l o w i n g  s y s t e m  f o r  n e x p a n s i o n  coefficients: 

I n  s y s t e m  (2.3) t i m e  a c t s  as a parameter, s i n c e  t h e  
d e r i v a t i v e s  of t h e  d e s i r e d  t i m e  f u n c t i o n s  are c o n t a i n e d  o n l y  
i n  t h e  r i g h t  members. I n t e g r a t i n g  t h e  f o u r t h  e q u a t i o n  i n  
(2.3), w e  g e t  
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where A n ( t )  is a n  a r b i t r a r y  f u n c t i o n  of t i m e .  

e l i m i n a t e  Un 
We i n s e r t  ( 2 . 4 )  i n t o  t h e  t h i r d  e q u a t i o n  i n  (2.3) and 

n avn 
(nl cos e ctg e + s i n e  -+ sin e) vn - 2n cos e + 

(2.51 
Pun n n + i apn 

n (n -P I )  ctg et+, - n =+ nM cos opn - (M sin e - Mm) 
+ sine- + pn + Mctg e % - + 3 = cn (t, e) 

+ I1 *ap" Hn (t, 9) ' 

avn 

S u b s t i t u t i o n  of t h e  desired f u n c t i o n  i n  (2 .5)  by 

vn = to, sin"+' e 

allows us  t o  o b t a i n ,  i n  t h e  f i n a l  r e s u l t ,  a second  order 
e q u a t i o n  for Pn 

From here, e l i m i n a t i n g  w,,, we g e t  

( I  - w sing e) + 2 (n - I )  w sin e cos e apn 

f n  (n - hP - M1 (n - 2) cos1 0) pn = Q, (t,  0) 

+ 
(2.8)s 

By t h e  method of i n d e t e r m i n a t e  c o e f f i c i e n t s  w e  c a n  
f i n d  t w o  l i n e a r l y  independen t  s o l u t i o n s  of t h e  c o r r e s p o n d i n g  
homogeneous e q u a t i o n  ( 2 . 8 ) ,  s i n c e  w i t h  s u b s t i t u t i o n  by s i n n  
8 and  c o s n  8 i n  t h i s  e q u a t i o n  t h e  r e s u l t  c o n t a i n s  s i n e s  a n  
c o s i n e s  of power c n .  

and  w i t h  n n o t  even  
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8 

I 

where % K ,  pa and a,-,, j e n - l  are determined from a linear 
algebraic system, and Bnft) and C,(t) are arbitrary time 
functions. The specific solution of a non-homogeneous equa- 
tion can be found by the method of indeterminate coefficients 
or by the method of constant variation. From (2.6) and the 
second equation of (2.7) 

where D (t) is an arbitrary function; u, can be determin- 
ed from ?he second equation of (2.3). 

3. Limit Conditions 

Let us express the shock wave equation and the body 
outline equation in a moving coordinate system in the form 

For limit conditions in determining five unknown func- 

Let us substitute (3.1) in (1.2) and (1.3). 
tions An(t), B (t), Cn(t), Dn(t) and en(t), we have conditions 
(1.2) and (1.37. 
For a zero approximation at 8 s  19, 

The zero approximation corresponds to streamlining of a wedge, 
and the flow parameters for behind the shock wave at each mom- 
ent of time are determined analogous to the stationary case. 
For an n approximation 

[Legend]: a )  at. 
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where t h e  f irst  i n d e x  i n d i c a t e s  t h e  a p p r o x i m a t i o n  number, 
and t h e  second  g i v e s  the area of flow, f u n c t i o n s  f,(t), A n ( @ ,  
h(t), ? r n ( t )  and x n ( t )  depend o n  t h e  p r e c e d i n g  approxima- 
t i o n s .  S u b s t i t u t i n g  i n  (3 .3)  t h e  s o l u t i o n s  ~ n 2 ,  ~ n 2 ,  p n2 
and  Pn2, w e  get  f i v e  l i n e a r  a l g e b r a i c  e q u a t i o n s  f o r  d e t e r m i n -  
i n g  t h e  f i v e  f u n c t i o n s  A n ( t ) ,  B n ( t ) ,  C n ( t ) ,  D n ( t )  and  e n ( t ) .  

A s  a s i m p l e  example we c a l c u l a t e d  t h e  s t r e a m l i n i n g  of 
a c o n i c a l  body w i t h  a c h a n n e l  by a u n i f o r m l y  accelerated and  
a u n i f o r m l y  d e c e l e r a t e d  s u p e r s o n i c  f low.  A t  a c c e l e r a t i o n  
n o t  more t h a n  + A000 meters / second2,  due  t o  t h e  s m a l l n e s s  o f  
p a r a m e t e r  (R/aG2 ) (dU/dt) i t  is s u f f i c i e n t  t o  view t h e  f l o w  
a t  each moment of t i m e  as i f  t h e  i n s t a n t a n e o u s  f l i g h t  speed 
were c o n s t a n t .  An a n a l o g o u s  f a c t  h o l d s  i n  t h e  case of po- 
t e n t i a l  s t r e a m l i n i n g  of t h i n  b o d i e s  [5 ,  61. 
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